We study the modularity of the genus zero open Gromov-Witten potentials and its generating matrix factorizations for elliptic orbifolds. These objects constructed by Lagrangian Floer theory are a priori well-defined only around the large volume limit. It follows from modularity that they can be analytically continued over the global Kähler moduli space.
Introduction
The mirror of an elliptic P 1 orbifold P 1 a,b,c is a Landau-Ginzburg mirror: it is determined by a polynomial
where σ is a complex parameter. Mirror symmetry asserts that symplectic geometry of P 1 a,b,c is reflected from the complex geometry of W mir , and vice versa. While the orbifold P 1 a,b,c is just of dimension one, its Gromov-Witten theory is very interesting and receives a lot of attentions in the context of mirror symmetry and integrable systems, see for instance [MT08, Tak10, Ros10, MR11, ST11, KS11, MS12, ET13, LLS13, SZ14]. The paper [CHL12] proposed a systematic construction of Landau-Ginzburg mirror and a homological mirror functor using Lagrangian Floer theory. For an elliptic P 1 orbifold P 1 a,b,c , where
, the construction produces a polynomial W q (x, y, z) whose coefficients are convergent series in the Kähler parameter q of P 1 a,b,c . The polynomial W q can be rearranged to the form of W mir by an explicit change of coordinates in (x, y, z). It is called to be the open Gromov-Witten potential because it is obtained by counting holomorphic polygons bounded by a fixed Lagrangian, which is the Lagrangian immersion constructed by Seidel [Sei11] .
The open Gromov-Witten potential W q (x, y, z) is a priori defined only around the point q = 0, the so-called large volume limit of the Kähler moduli space. In this paper, we show that indeed it can be extended to certain global moduli space: Theorem 1.1. Let W q (x, y, z) be the open Gromov-Witten potential of an elliptic P 1 orbifold P 1 a,b,c where (a, b, c) = (3, 3, 3) or (2, 4, 4). The coefficients of W q (x, y, z), which are functions in q, are modular forms of certain weight k for the modular group Γ = Γ(3) or Γ(4) respectively. Hence the potential extends to be a section of the line bundle K The proof is arithmetic in nature. We explicitly express the open Gromov-Witten potential in terms of Dedekind η-function and Eisenstein series, and use known expressions for modular forms with respect to the groups Γ = Γ(3) and Γ(4). We expect the same statement holds for the case (a, b, c) = (2, 3, 6), see Section 3.3 for more details.
For an elliptic P 1 orbifold P 1 a,b,c , the mirror functor produces a particular matrix factorization M of W q , which is an odd endomorphism δ on ∧ * C 3 satisfying δ 2 = W q · Id. This matrix factorization has the important property that it split generates the derived category of matrix factorizations, and it is mirror to the Seidel Lagrangian. Using similar arithmetic technique, we can express M in terms of modular forms. Why modularity is expected can be explained as follows. The Seidel Lagrangian in the elliptic orbifold P 1 a,b,c = E/Z r , where r = 3, 4, 6 for the (a, b, c) = (3, 3, 3), (2, 4, 4), (2, 3, 6) case respectively, can be lifted to r copies of Lagrangians in the elliptic curve E. Thus the moduli space around the large volume limit under consideration on the symplectic side is the moduli space of Kähler structure of E together with a particular choice of r Lagrangians. The mirror is the family of elliptic curves decorated with structures of r-torsion points, whose moduli space turns out to be the modular curve Γ\H * . Mirror symmetry asserts that the A-side moduli is globally isomorphic to the B-side moduli. Thus Γ\H * should also be the global Kähler moduli. Our results confirm that the open Gromov-Witten potential, which is originally just defined around the large volume limit, naturally extend to this global Kähler moduli space.
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Preliminaries on modular forms
In this section we give a quick review on some background material about modular forms and modular curves. They are essential to our study because later global Kähler moduli space of elliptic orbifolds will be identified as modular curves by using mirror symmetry, and the open Gromov-Witten potentials and matrix factorizations will be written in terms of modular forms, which are global sections of the corresponding line bundles over modular curves. The material presented here is largely taken from a joint work [ASYZ14] of the second author.
Throughout this paper, we fix q = exp 2πiτ, with τ is the coordinate on the upperhalf plane H. The quantity −2πiτ can be regarded as parametrizing the (complexified) symplectic area of an elliptic orbifold (and so q defines a local coordinate near the large volume limit q = 0 on the complexified Kähler moduli space of the elliptic orbifold).
Modular groups and modular forms
The generators and relations for the group SL(2, Z) are given by the following:
We will consider in this paper the following congruence subgroups called Hecke subgroups of
Some other groups that we are interested in are the principal congruence subgroups
A modular form of weight k for the congruence subgroup Γ of PSL(2, Z) is a function f : H → C satisfying the following conditions:
• f (γτ) = j γ (τ) k f (τ), ∀γ ∈ Γ , where j is called the automorphy factor and is defined by
• f is holomorphic on H.
• f is "holomorphic at the cusps" in the sense that the function
is holomorphic at τ = i∞ for any γ ∈ Γ(1).
The second and third conditions in the above can be equivalently described as f is holomorphic on the modular curve X Γ = Γ\H * , where H * = H ∪ P 1 (Q), i.e., H ∪ Q ∪ {i∞}. The first condition means that f can be formulated as a holomorphic section of a line bundle over X Γ . We can also define modular forms with multiplier system of integral weight k for Γ by replacing the automorphy factor in (2.4) by j γ (τ) k =χ(γ)(cτ + d) k , whereχ(γ) = (−1) k χ(γ) for γ ∈ Γ and χ is a multiplier system, see for example [Ran77] for details. The space of modular forms with multiplier system χ for Γ forms a graded differential ring and is denoted by M * (Γ, χ). Similarly we have the ring of even weight modular forms denoted by M even (Γ, χ). When χ is trivial, we shall often omit it and simply write M * (Γ).
Example 2.1. Taking the group Γ to be the full modular group Γ(1) = PSL(2, Z). Then M * (Γ(1)) = C[E 4 , E 6 ], where E 4 , E 6 are the familiar Eisenstein series defined by
is not a modular form, but a so-called quasi-modular form [KZ95] for Γ(1), since it transforms according to
Ring of modular forms
Now we consider modular forms (with possibly non-trivial multiplier systems) for the Hecke subgroups Γ 0 (N) with N = 2, 3, 4 and the subgroup Γ 0 (1 * ) which is the unique index two normal subgroup of Γ(1) = PSL(2, Z). All of them are of genus zero in the sense that the corresponding modular curves 1 X 0 (N) [Ran77] . We can choose a particular Hauptmodul (i.e., a generator for the rational function field of the genus zero modular curve) α(τ) for the corresponding modular group such that the two cusps are given by α = 0, 1 respectively, and the third one is α = ∞. It is given by α(τ) = C r (τ)/A r (τ), where r = 6, 4, 3, 2 for the cases N = 1 * , 2, 3, 4 respectively. The functions Table 1 below. See [BB91, BBG95] and also [Mai09, Mai11] for a review on the modular forms A, B, C. 
Throughout this paper we shall write A N , B N , C N for the Γ = Γ 0 (N) case for these quantities when potential confusion might arise.
The explicit expressions for these quantities in terms of θ-functions and q-series are scattered in the literature, e.g., the papers we just cited and were collected in [ASYZ14] . By using the θ-expansions therein for these generators, one can easily see that
(2.5)
The following results are classical: 
See for instance [BKMS01, Seb02, Mai11] and references therein for details of these results.
Geometric moduli in terms of modular forms
In this section, we shall discuss some basic facts about the geometry and arithmetic of the simple elliptic singularities. The n = 6, 7, 8 cases [Sai74] are closely related to 3 the elliptic orbifolds which are the main focus of this work, as we shall see in the sequel.
The elliptic curve families (called elliptic singularities of E n type, n = 5, 6, 7, 8 respectively) that are involved in our study are given by
where the numbers r are given by 2, 3, 4, 6 for n = 5, 6, 7, 8, respectively.
The j-invariants for these elliptic curve families are summarized here, see [LY96, LMW97, KLRY96, CKYZ99] for more details.
The base of this family of elliptic curves is the modular curve X 0 (4). It has three singular points: two cusp classes [i∞], [0] corresponding to z = 0, 1/16 respectively; and the cusp class [1/2] corresponding to z = ∞.
The base of this family of elliptic curves is the modular curve X 0 (3). It has three singular points: two cusp classes [i∞], [0] corresponding to z = 0, 1/27 respectively; and the cubic elliptic point [ST −1 (ρ)] corresponding to z = ∞, where ρ = exp(2πi/3).
The base of this family of elliptic curves is the modular curve X 0 (2). It has three singular points: two cusp classes [i∞], [0] corresponding to z = 0, 1/64 respectively; and the quadratic elliptic point [(1
The base of this family of elliptic curves is the curve The Hauptmodul for the corresponding modular group given in the previous section is related to the parameter z by α = κ N z, where κ N is given 432, 64, 27, 16 for n = 8, 7, 6, 5 (i.e., N = 1 * , 2, 3, 4), respectively. For reference, we now summarize the related quantities in Table 2 below. Here the number r is given by r = 12/ν, with ν being the index of the subgroup in the full modular group PSL(2, Z). 
r , 1; α) to be the regular period at α = 0 of the elliptic curve family. Then the modular form A(τ) given in the previous section is actually given by
. Therefore, the triple A(τ), B(τ), C(τ) introduced earlier can be reconstructed from the periods, see [BB91, BBG95, Mai09] . This fact was used in [ASYZ14, Zho14] in studying modularity in Gromov-Witten theory and mirror symmetry for some non-compact Calabi-Yau threefolds.
In Section 3 and Section 4 below, we will be mainly working with the A-model of the elliptic orbifolds, that is, studying the dependence of the generating functions of genus zero open Gromov-Witten invariants on the complexified Kähler structure. In Section 5, we will comment on how mirror symmetry maps the symplectic geometry data of elliptic orbifolds to the complex geometry data of the elliptic curve families described in this section. This would then give an explanation of why modularity is expected.
Open Gromov-Witten potentials of elliptic orbifolds
In this section, we study modularity of open Gromov-Witten potentials of elliptic orbifolds. Given a Kähler orbifold X, we fix a Lagrangian immersion L, which is assumed to be oriented and (relatively) spin, and not passing through the orbifold points of X. Moreover we assumed that it has transverse self-intersections for simplicity. Let ι :L → X denote the normalization of L. We assume thatL is connected.
We use the deformations and obstructions of L to construct a Landau-Ginzburg model (V, W). It is called to be the generalized SYZ construction: it uses deformations of an immersed Lagrangian to construct the mirror, while SYZ uses a Lagrangian torus fibration for the same purpose. The detailed deformation theory for Lagrangian immersion, which is captured by an A ∞ algebra H, {m k } ∞ k=0 , was developed in [AJ10] . Here we only sketch the needed ingredients.
Each transverse self-intersection point a corresponds to two immersed generators X 0 a , X 1 a of the Floer complex of L. Intuitively they represent the two ways of smoothings of the self-intersection point. For a formal deformation
where the sum is over all self-intersection points a, we have the deformed m 0 -term
which is a singular chain in the fiber productL × ιL . Roughly speaking it is a sum of the boundary evaluation images of holomorphic polygons bounded by L (weighted by their symplectic areas) with corners at the immersed generators. Then we choose a subspace V of H whose elements b ∈ V have odd degrees and satisfy the so-called weak Maurer-Cartan equation [FOOO09] To construct the open Gromov-Witten potential (or so-called Landau-Ginzburg mirror) of elliptic P 1 orbifolds, we take L to be the Lagrangian immersion constructed by Seidel [Sei11] . It has three self-intersection points as depicted in Note that the potential W(x, y, z) depends on the Kähler parameter of the elliptic P 1 orbifold, which parametrizes the sizes of the holomorphic polygons. Thus W can be identified as a map from the Kähler moduli of the P 1 orbifold to the complex moduli of holomorphic functions. We call this to be the generalized SYZ map because it arises from the generalized SYZ construction described above.
The explicit expression of W and the generalized SYZ map were computed in [CHL12, Section 6.1] for the elliptic orbifold P 1 3,3,3 and in [CHKL14, Section 9 and 10] for the elliptic orbifolds P 1 2,4,4 and P 1 2,3,6 . In the rest of this section we shall study modularity of the coefficients of the open Gromov-Witten potential.
Remark 3.1. There is another elliptic orbifold curve which is not listed above, namely P 1 2,2,2,2 which is the Z 2 -quotient of some elliptic curve. A similar construction scheme for its open Gromov-Witten potential can be carried out, which involves more than one Lagrangian immersions. It will be studied in a future work.
3.1 (3, 3, 3) case Theorem 3.2. [CHKL14] The open Gromov-Witten potential for P 1 3,3,3 is
where
Here q d = exp(−area(∆)), with ∆ the minimal triangle bounded by the Seidel Lagrangian.
Consider the elliptic curve E ρ with j(E ρ ) = 0, it can be realized, say, by x 3 1 + x 3 2 + x 3 3 = 0 in P 2 . Its quotient 4 by the Z 3 automorphism is P 1 3,3,3 . The Kähler parameter q of the elliptic curve is related with q d by q = q 24 d . Here the subscript 'd' stands for 'disk'. Throughout this paper, by abuse of notation, we will use for example the notation φ(q) to denote the quantity φ (q d (q) ).
An easy computation shows the following.
Theorem 3.3. Both φ and ψ (when expressed in q) are modular forms of formal weight 3/2 with the same multiplier system for the modular group Γ(3).
Proof. Simple algebra shows that
Recall that for the Jacobi theta function (here v = exp 2πiz)
we have
Therefore, we obtain
To compute ψ, we use the identity
(3.8)
That is, ∂ v | v=1 θ 1 = iη(q) 3 . It follows that φ(q), ψ(q) can be written in terms of the η-functions as follows:
Remark 3.4. Recall that for the Hesse-Dixon model for elliptic curves:
where γ is a Hauptmodul for the modular group Γ(3), see for example [Mai09] for details. The Hauptmodul is also called to be the mirror map since it gives a map between the Kähler moduli, parametrized by τ, and the complex moduli parametrized by γ. One can check that (see [BBG94] )
That is, the generalized SYZ map is identical to the mirror map, as has been deduced in Theorem 6.5 of [CHL12] in a different way. This will be explained further in Section 5, where we see that actually the geometry defined by the open Gromov-Witten potential W coincides with the Hesse-Dixon model.
Using the results in Section 2, we know that η(q 3 ) 3 = 3 − 3 (τ) is a modular form for Γ 0 (3) with possibly non-trivial multiplier system. In particular, it is so for Γ(3). Therefore, this is also true for η(q 1 3 ) 3 since γ(τ) is modular with respect to Γ(3) according to the above remark. Moreover, φ, ψ must have the same multiplier system since γ has a trivial one. Hence the conclusion follows.
3.2 (2, 4, 4) case Theorem 3.5. [CHKL14] The open Gromov-Witten potential of P 1 2,4,4 is 
This identity implies that
where the sums are all over positive integers. Therefore, 
We now apply the results for modular forms of the group Γ 0 (2) in Section 2.2. For this case, it is easy to see (for example, by dimension reasons) that
It is the generator for M 2 (Γ 0 (2)). Moreover, by using the η-expressions for the modular forms A 2 , B 2 , C 2 , we get, see e.g., [Mai11] ,
Using the θ-expansions for the modular forms of N = 2, 4 cases and the results on M * (Γ(4)), we know that both A 2 2 = A 2 4 + C 2 4 and C 2 2 = 2A 4 C 4 are modular forms of Γ(4). On can redefine the variables x, y, z suitably to get rid of the constant 1/4 and the multiplicative factor q − Under an explicit change of coordinates in (x, y, z), the potential W in (3.13) can be rewritten as
where the generalized SYZ map is We now show that σ(q d (q)), which comes from generating functions of polygon counting, is the inverse mirror map of the elliptic curve obtained by setting W = 0 in (3.13) (again see Section 5 for explanation). We can express the inverse mirror map of the elliptic curve explicitly in terms of η-functions as follows. By the result on elliptic curve families of E 7 type in Section 2.3, the inverse mirror map (as the inverse of the map a → exp 2πiτ(a)) for
To change (3.24) to the form of (3.21), we replace x by x − a 2 yz in (3.24) and obtain
and so the inverse mirror map is
This coincides with σ(q d (q)) in (3.22). As a result, we conclude that Corollary 3.6. The generalized SYZ map equals to the inverse mirror map for P 1 2,4,4 .
Remark 3.7. We can express everything in terms of the Dedekind η-function
More precisely, from the η-expansions in Section 2, we have 
The summation in the expression of c z ( By a change of coordinates in (x, y, z), the open Gromov-Witten potential can be written as
where the generalized SYZ map is
. (3.36) where E 4 and E 6 are the Eisenstein series. Again as before we are now considering the elliptic curve family given by W = 0. Then we apply a change of coordinates in (x, y, z) to change (3.38) to the form in (3.35). This is achieved by first replacing x by x − a 2 yz to change the term xyz to y 2 z 2 , and then replacing y to y + a 2 12 z 2 to replace the term y 2 z 2 to yz 4 . As a result, (3.38) is changed to
By substituting a in (3.39) into the above expression, we obtain that the inverse mirror map for the elliptic curve x 2 + y 3 + z 6 + syz 4 given by
One can do a computational check that s(q) has the same expression in (3.37) as σ(q).
Remark 3.9. Similar to the other cases, we expect the quantities c y , c yz2 , c yz4 , c z to be modular forms up to addition and multiplication by some factors which are not essential, so that the generalized SYZ map in (3.36) coincides with the expression given in (3.41). This is true for c y . In fact, we have
Also the second term in c yz2 (which counts parallegrams) is
We conjecture that the rest are quasi-modular forms as introduced by [KZ95] and the overall coefficients are modular forms. See Section 4.3 for further discussions.
Modularity of matrix factorizations
In [CHL12] , an A ∞ functor was constructed from the Fukaya category of Lagrangian branes in a symplectic manifold X to the category of matrix factorizations of the open GromovWitten potential W. The construction of W was reviewed in the beginning of Section 3. For W ∈ R = C[z 1 , . . . , z n ], a matrix factorization is simply an odd endomorphism δ on a Z 2 -graded R-module M = M 0 ⊕ M 1 which satisfies δ 2 = W · Id. Such a functor is motivated from the celebrated homological mirror symmetry conjecture [Kon95] . Let us review very briefly the functor in the object level. Given a spin oriented Lagrangian L which intersects the reference Lagrangian L (fixed in the beginning of Section 3) transversely, define M = ⊕ p R · p where the sum is over all intersection points p ∈ L ∩ L, and R · p has odd (or even) degree if p has odd (or even) degree. Then δ is defined to be m (b,0) 1 (which automatically has odd degree), which is roughly speaking counting pseudoholomorphic strips with one side bounded by (L, b) and another side bounded by L. Since the formal deformation b is assumed to be weakly unobstructed, it follows from the A ∞ relation (m
that δ is a matrix factorization. In particular, the Seidel Lagrangian of an elliptic P 1 orbifold can be transformed to a matrix factorization of the open Gromov-Witten potential W. They are split generators of the derived Fukaya category and the derived category of matrix factorizations respectively. In this section, we study the modularity of the matrix factorizations constructed from the potential W for the elliptic orbifolds.
(3, 3, 3) case
The matrix factorization mirror to the Seidel Lagrangian in P 1 3,3,3 was computed in [CHKL14, Section 7.7]. In the following we check that their coefficients are modular forms with possibly non-trivial multiplier systems. where δ = (xX + yY + zZ) ∧ · + w x ι X + w y ι Y + w z ι Z , and w x , w y , w z are the following polynomials whose coefficients are modular forms:
where we have used the identity that
Written in terms of the parameter q, this is
The coefficient of xz in w y (or that of xy in w z ) is
All mentioned earlier in Section 3, both φ, ψ are modular forms with respect to Γ(3), hence all the coefficients studied here are modular forms, and they have the explicit expressions as stated in the theorem.
Remark 4.2.
It is easy to check that xw x + yw y + zw z = W by straightforward calculation. 
(2,
and w x , w y , w z are the following polynomials whose coefficients are modular forms (up to a multiple by a power of q):
Proof. It is a direct computation as in [CHKL14, Section 7.7 ] that the mirror matrix factoriza-tion is (M, δ) defined above, where The coefficient of y 3 in w y (or that of z 3 in w z ) is nothing but d y studied in Section 3, while the coefficient of yz 2 in w y (or that of y 2 z in w z ) is d yz /2. They have been shown to be modular forms with respect to Γ(4) in the previous section.
(2, 3, 6) case
Similarly, we can directly compute the matrix factorization mirror to the Seidel Lagrangian of P 1 2,3,6 . The result is (M = ∧ * C 3 , δ), where
and w x , w y , w z are defined by
, and A(n, a, b, c), c y and c z are given in (3.30), (3.31) and (3.34) respectively.
The sum of coefficients for the yz 2 , y 2 z terms of (M, δ) gives the one for y 2 z 2 in W, similarly for z 4 , yz 3 terms. Recall that
By pulling out q −4
d for the first parts in the yz 2 , y 2 z terms, we get ∑ a,b≥0
The following quantity is easily computed:
More precisely, we have 
This can be simplified further as follows (changing the variable b + 1 to k)
It is related to the derivative of the Appell function of level one. The other terms involving 2b + 2, 2a + 2 in the yz 2 , y 2 z terms can be calculated due to symmetry and the result for W, both are equal to q − 
Taking the difference of the above two formulas, and simplifying a little further, we are left with
We expect that all the quantities in (4.9), (4.10), (4.11) are quasi-modular forms (up to a multiple of a power of q) for Γ(6) with possibly non-trivial multiplier systems. This would then imply that the coefficients in the matrix factorization (M, δ) for the (2, 3, 6) case are modular. However, we are not able to prove this at this moment. 5
Mirror symmetry over global moduli
In Section 3 and Section 4 we proved that the potential W and the matrix factorization M are modular for some modular group Γ which depends on the geometry, hence they extend automatically to be sections of holomorphic line bundles on the modular curves Γ\H * . The proof is based on straightforward calculations. In this section we explain why modularity is expected from the point of view of global mirror symmetry.
LG/CY correspondence
It is well-known that the elliptic curve is self-mirror. This simple important fact can be obtained using group action and LG/CY correspondence as follows. Given a symplectic torus E, we equip it with the complex structure with an automorphism group G, where G = Z 3 , Z 4 or Z 6 . Then E/G = P 1 3,3,3 , P 1 2,4,4 or P 1 2,3,6 respectively. By the mirror construction [CHL12] which is briefly explained in the beginning of Section 3, the Landau-Ginzburg mirror is the open Gromov-Witten potential W defined on C 3 whose explicit expressions are given in Theorem 3.2, 3.5 or 3.8 respectively. The potential W is invariant under the action of the dual groupǦ ∼ = G, and the mirror of E is given by (C 3 /Ǧ, W) [Sei11, CHL12] . By LG/CY correspondence [Orl09] , the complex geometry (so-called the B-model) of (C 3 /Ǧ, W) is equivalent to that of the elliptic curveĚ = {W = 0} ⊂ WP 2 , where WP 2 is the weighted projective space (C 3 − {0})/C × and the C × action has weights (1, 1, 1), (1, 2, 2) and (2, 3, 6) respectively. This gives an explanation, which is different from the usual SYZ approach, of why the elliptic curve is self-mirror.
LG/CY correspondence O O
Figure 2: Chain of dualities
The moduli space of complex structures onĚ is the (compactified) upper half plane quotient by SL(2, Z). By global mirror symmetry, the Kähler moduli of E is also the upper half plane quotient by SL(2, Z) (this can also be seen from considering the moduli space of Bridgeland stability conditions [Bri07] ). The global mirror map in this case is simply given by the identity map.
On the other hand, the mirror elliptic curve family under consideration is given by the equation W = 0, which is not the universal family over the moduli stack SL(2, Z)\H * of complex structures of the mirror elliptic curve. This elliptic curve family is essentially (up to reparametrization and base change, as shown in Section 3) the elliptic curve families of type E n reviewed in Section 2. Note that the base change would also alter the modular group for which the parameter σ in the elliptic curve family in (1.1) is a Hauptmodul. Since the parameter for the base of the family W = 0 is a modular function for certain modular group, one would expect that the coefficients in the equation W = 0, as functions on the modular curve, are related to modular forms. For example, in the P 1 3,3,3 case, the equation W = 0 defines the universal family of elliptic curves over the modular curve Γ(3)\H * , and the parameters φ, ψ are modular forms for Γ(3). The big picture is illustrated in Figure 2 . Now in order to see more clearly why it is the modular subgroup Γ instead of the full modular group SL(2, Z) that enters the picture, the main point is as follows. We have fixed the Seidel Lagrangian L ⊂ E/G to define the open Gromov-Witten potential. The Lagrangian L lifts to r copies of Lagrangians L 1 , . . . , L r in E, where r = 3, 4, 6 respectively. Thus the A-side moduli under consideration is the Kähler structure together with the markings by these r Lagrangians. By homological mirror symmetry, the corresponding B-side moduli for the mirror is the complex structure onĚ together with the coherent sheaves mirror to L 1 , . . . , L r . In the next subsection, we show that these sheaves give rise to a cyclic subgroup of order r of the group of r-torsion points onĚ. Thus the moduli space is given by the modular curve X Γ = Γ\H * instead of SL(2, Z)\H * .
T-duality
It is a standard fact that the modular curve Γ 0 (r)\H * is the (coarse) moduli space of pairs (E, H), where E is an elliptic curve and H < E r is a cyclic subgroup of order r of the group of r-torsion points on E.
For simplicity, we focus on P 1 3,3,3 , and the other two cases are similar. The Seidel Lagrangian in P 1 3,3,3 lifts to three Lagrangian cycles in the elliptic curve E ρ with its automorphism group generated by the cube root of unity ρ = exp(2πi/3). They are denoted as {L, ρL, ρ 2 L}, with
where A, B ∈ H 1 (E ρ , Z) are the generators corresponding to the lattice points 1 and ρ which give rise to the elliptic curve E ρ , respectively. We will use T-duality to transform {L, ρL, ρ 2 L} to coherent sheaves on the mirror elliptic curveĚ ρ . T-duality and homological mirror symmetry for elliptic curves was well-studied, see for instance [PZ98] , and we include it here for completeness of the paper.
To avoid dealing with multi-sections, we consider the double coverẼ ρ of the elliptic curve E ρ with its corresponding lattice generated by 2, ρ.
in the double cover. Take the generators of H 1 (Ẽ ρ ) to beÃ, B corresponding to the lattice points 2, ρ. Then we have
The intersections areL
Let s =L 1 and f =B = −3B. We then havẽ
Consider the elliptic curve C whose lattice is generated by 2 + 4ρ, −3ρ. Now s and f can be regarded as a section and a fiber of a Lagrangian fibration on this elliptic curve. By T-duality, they are mirror to the following sheaves on the mirror curveČ:
where D is the divisor of degree 1 corresponding to the fiber class f (equipped with trivial flat connection).
The action which takes a Lagrangian section s to s + f corresponds to tensoring O(D) in the mirror curveČ. The relation ρ 3 = 1 says the mirror Z 3 action permutes O, O(D), O(2D) cyclically. It follows that the sheaves give rise to a cyclic subgroup of order 3 of the group of 3-torsion points on the variety Pic 0 (Č), which is isomorphic to the mirror elliptic curveČ itself.
To conclude, for the mirror side, we should consider the moduli space of complex structures of an elliptic curve decorated with a cyclic subgroup of order three of the group of 3-torsion points on the elliptic curve. Thus the global moduli is given by Γ 0 (3)\H * , and the open Gromov-Witten potential should be globally defined over Γ 0 (3)\H * . From previous sections we see that it is actually a global object over Γ(3)\H * .
One more example
We now give one more example for which the global moduli space of Kähler structures can be identified with a modular curve and the generating functions of Gromov-Witten invariants are modular forms.
The mirror manifold of K P 2 is a non-compact Calabi-Yau 3-fold X given by [HV00] {uv = 1 + z + w + α/zw} ⊆ C and is a conic fibration over the base (C × ) 2 z,w . The flat coordinate, denoted by t(α), for the threefold X can be expressed in terms of the flat coordinate τ(α) for the corresponding elliptic curve {1 + z + w + α/zw = 0} ⊂ (C × ) 2 z,w which is the discriminant locus of the conic fibration.
The idea is the following. On one hand, α(τ) is automatically a modular form as it is the Hauptmodul for the modular curve Γ 0 (3)\H * which parametrizes the elliptic curve family above, see [ASYZ14] . Thus it is a tautology that α(t(τ)) is a modular form. On the other hand, in the A-model on K P 2 , we know that α(t) is a generating function of open Gromov-Witten invariants [CLL12] . Therefore, we know that the generating function of open Gromov-Witten invariants of K P 2 is a modular form defined over the complexified Kähler moduli space, which under mirror symmetry is identified with the modular curve Γ 0 (3)\H * parametrizing the mirror manifolds of K P 2 .
The details are given as follows. The SYZ mirror Calabi-Yau 3-fold X for K P 2 is given by [CLL12] w 1 w 2 = 1 + δ(q) + z 1 + z 2 + q z 1 z 2 , (5 where q = q t := exp 2πit, t is the flat coordinate on the complexified Kähler moduli space of K P 2 . Then the mirror curve is given by 1 + δ(q) + z 1 + z 2 + q z 1 z 2 = 0. A scaling on the coordinates shows that this curve is equivalent to 1 + z 1 + z 2 + z z 1 z 2 = 0 , z = q t (1 + δ(q t )) 3 .
(5.8)
Now consider z as the complex structure modulus for the mirror curve. It is a standard fact that this elliptic curve family is 3-isogenous to the E 6 curve family in Section 2.3 and thus is parametrized by the modular curve Γ 0 (3)\H * . Furthermore, one has [GV98a, GV98b, KKV99] , and χ −3 (n) is the non-trivial Dirichlet character mod 3 (it takes the value 0, 1, −1 on an integer 3k, 3k + 1, 3k + 2, respectively). From the above formulas in (5.8), (5.9) for the same quantity z, one then has 1 + δ(q t ) = (−27)
